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Contents

@ Inradius

@ Exradius

© Orthocentre, pedal triangle
@ Medians and centroid

@ Nine point circle (suggested reading)
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Fact

For any AABC, there exists a circle in the interior of the triangle
touching(at exactly one point) all the three edges.

This circle is unique, it is called the incircle, its centre is called
incentre denoted by I and its radius is called the inradius denoted by
r.

Exercise. Prove the above fact.

A Mz,
Solution. Recall the fact that angular bisectors are concurrent. We have
ANAM.I = ANAM,I by SAS postulate. Hence, IM.=IM,. By similar
arguments, IM.=IM, =1M,.
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Result

Prove that r =

A

S

Solution.

A = Area(AABC)
= Area(AAIB) 4+ Area(ABIC) + Area(ACIA)
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Result
Prove r=(s—a)tangd = (s—b)tan’ = (s —c)tan & J

2
Solution.
A
r=7
_ \/s(s —a)(s=b)(s—¢)
(s—a (s=b)(s—c)
= ) s(s—a)
=(s—a) tang

Exercise. Prove that above fact geometrically
(by proving that AM, =s—a)
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Result

(i) . .
sin & sin =
r=a 2 " 2
cos 5
(ii)
A B
r:4Rsin§sin§sin%
Solution.

cotB+ cotc
a=rT —+7r -
2 2
a
B C
cot 5 +cot 5

s B oin O
_asmism?

asingsinc

2
cos (g)

A
Solution.
. B . _C
i asin 5 sin 5
cos (2)
2Rsin Asin % sin %
N cos (2)
A B C
=4Rsin — sin — sin —
2 2 2
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Exercise.

Prove
11,11
ab  bc  ca 2Rr
Solution.
1,1 1 _atbte 25 gy 1
ab ' bc  ca  abc  abc Z—Z’AC " 2Rr
Exercise.

Prove that R > 2r. When does equality occur?

Solution. Equivalently, we need to prove
sin — sin B sin ¢ < 1
2 2 2 — 8
The LHS maximizes when sin % =sinZ

occurs when A=B=C= 3.
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Fact

In any AABC, angular bisector of
A, angular bisectors of exterior
angles of B and C are concurrent.

Solution. We have | IF |=|ID | and
| IH |=|ID|. This would mean that
IA is the angular bisector of A.

/7 Ewdrcle

N Excerter

/' Exradius

The circle in the picture is called
the excircle opposite to A. Its
radius is denoted by r,.
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Result

A _ A _ A
s—a) b= spTe = 5=¢

Py =

Solution.
Area(AABC) = Area(AABI) +

Area(ANACT) — Area(AIBC)
A — ABUIFI" | |AC|IIH| _ |BC|IID]
=2 2 2

_ o bra _are
2 2 2
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Result

A B
Ta :stan—,rbzstang,rc :stanE

Solution.
A
s—a
\/s(s —a)(s=b)(s—¢)

sS—a

(s=b)(s—¢)

s(s—a)

=S

stané
2

Exercise. Prove the above result geometrically.
(by proving | AF |=| AH |=s)
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Result

acos%cos% bCOS%COS% CCOS%COS%
Ta = A Ty = B yTe = C
Ccos 5 Ccos Ccos 5

hint: a = BD + DC = r(cot(£IBD) + cot(£ICD))
Result

. A B C
re = 4R sin B cos 5 cos 35

Hint: Expand the previous result with a = 2RsinA

Exercise.

Prove
1 1 1 1
_ — A = ==
Ta b Tec T

Solution.

Srikanth K S (http://bit.ly/trig2013) Lecture 23: More properties of triangles

1m/1



Exercise. J

2
rraTeTe = A

Solution.
é A A A _A4

LHS = = —
s ss—as—bs—c A2

Exercise.

In AABC,r, = 8,7, = 12,7. = 24. Find the length of the sides of the
triangle.

Hint: We have
s—a—é s—b—é s—c—é
8 12’ T4

Find s in terms of A. This leads to r in terms of A. After this use, the
previous exercise.
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